
Practice Problems on Group Theory and Number Theory
1. Let G be the set of rational numbers with odd denominators (when expressed in simplest form). Is G a group

under addition?

2. Prove that if G is an abelian group, then ∀a, b ∈ G, n ∈ N.(a ◦ b)n = anbn

3. Prove that if G is a group such that ∀a, b ∈ G.(a ◦ b)2 = a2b2, then G is abelian.

4. Prove that if G is a group and there exists an i ∈ N such that ∀a, b ∈ G.((a ◦ b)i = aibi) ∧ ((a ◦ b)i+1 = ai+1bi+1) ∧
((a ◦ b)i+2 = ai+2bi+2), then G is abelian.

5. Prove that if the size of a group is even, it must have an element a , e such that a2 = e (where e is the identity).

6. Write out the ”multiplication table” for a non-abelian group of size 6.

7. Prove that every permutation can be written as a composition of some number of transpositions (permutations that
just swap a single pair of elements)

8. Prove that every permutation can either be written as the composition of an even number of transpositions or as
the composition of an odd number of transpositions, but not both.

9. Prove or disprove: If a ≡m b then ca ≡m cb for any c.

10. Prove or disprove: If a ≡m b then ac ≡m bc for any c.

11. Given as input (a,b), how many recurrsive calls does Euclid’s GCD algorithm make? Explain your answer.

12. Prove that if GDC(a,y) = 1 and GCD(b,y) = d then GCD(ab,y) = d.

13. Calculate by hand 73(7888) mod 35.

14. Show that if there exists an integer 1 < a < n such that an−1 ≡ 1 mod n, and for every prime factor q of n − 1,
a

n−1
q . 1 mod n, then n is prime. (The converse is also true: if n is prime (and not 2), there will exist an a satisfying

these conditions. This condition is actually used in some primality tests.)


